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Spatial adaptation procedures for the accurate and efficient solution of steady and unsteady inviscid flow
problems are described. The adaptation procedures were developed and implemented within a two-dimensional
unstructured-grid upwind-type Euler code. These procedures involve mesh enrichment and mesh coarsening to
either add points in high gradient regions of the flow or remove points where they are not needed, respectively,
to produce solutions of high spatial accuracy at minimal computational cost. The paper describes a new approach
to detect high gradient regions of the flow that uses the substantial derivative of density. Additionally, the paper
gives a detailed description of the enrichment and coarsening procedures and further describes a new weighted
averaging procedure and the interpolation of flow variables that improves the overall accuracy of the flow
solver. Presented are comparisons with alternative results and experimental data to provide an assessment of
the accuracy and efficiency of the capability. Steady and unsteady transonic results, obtained using spatial
adaptation for the NAG A 0012 airfoil, are shown to be of high spatial accuracy, primarily in that the shock
waves are very sharply captured. The results were obtained with large computational savings when compared
to results for a globally enriched mesh with cells subdivided as many times as the finest cells of the adapted
grid.

Introduction

C ONSIDERABLE progress has been made over the past
decade in developing methods of dynamically adapting

computational meshes based on the numerical solution of
partial differential equations.1 These methods are being de-
veloped to produce higher spatial accuracy in such solutions
more efficiently. Spatial accuracy is obviously important when
modeling continuous equations with a discrete set of points.
It is generally understood, of course, that accuracy is im-
proved when the number of mesh points in a fixed compu-
tational domain is increased. Associated with an increase in
the number of mesh points, however, are increased computer
run times and memory costs. Hence, for efficiency, it is im-
portant to enrich meshes locally based on the numerical so-
lution, in contrast to using globally fine meshes, to minimize
the total number of mesh points and hence minimize the cost
for a given spatial accuracy. The methods of mesh adaptation
can be separated into three general categories: 1) mesh re-
generation, 2) mesh movement, and 3) mesh enrichment. The
first method, mesh regeneration, places the work of adapting
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the mesh on the mesh generation program rather than on the
actual numerical solution procedure of the governing equa-
tions. In this method, a solution is first obtained, and regions
of relatively large discretization errors are detected. A new
mesh is then generated to concentrate points in regions where
the large discretization errors occur. This new mesh may con-
tain more or fewer points than the original mesh. For the
second method, mesh movement, the number of points in the
computational domain remains fixed. To resolve more ac-
curately the solution spatially, these points are moved into
regions where solution gradients are relatively large. In gen-
eral, this can be accomplished by two different ways. The first
way models the mesh as a spring network, where points are
joined by linear springs with spring stiffnesses proportional
to solution gradients. The mesh is then allowed to move into
the relatively high gradient regions to produce effectively a
locally finer mesh. The second way uses forcing functions in
a Poisson-equation grid generator to redistribute points. Either
method of mesh movement is easily implemented within ex-
isting solution algorithms because only the locations of the
existing mesh points are changed. The final method of spatial
adaptation is mesh enrichment. In this method, points are
added to regions of relatively large solution error by dividing
locally the cells that make up the mesh or by embedding finer
meshes in these regions. This method differs from the mesh
regeneration and movement approaches in which the mesh is
made finer in local regions while the global mesh topology
remains the same. The method of mesh enrichment is also
generally regarded as having advantages over regeneration
and movement, especially for transient problems, because of
the higher degree of flexibility in being able to add points
where they are needed and to remove points where they are
not needed. This higher degree of flexibility, however, re-
quires the need to redetermine the "structure" of the mesh
after each mesh adaptation. Therefore, a disadvantage of mesh
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enrichment is that implementation of the method involves
significant modifications to existing solution algorithms.

For the Euler and Navier-Stokes equations, computational
fluid dynamics algorithms are being developed based on spa-
tial adaptation methods. With these equations, relatively large
spatial discretization errors may be encountered with flow
features such as shock waves, shear layers, boundary layers,
and expansion fans. These flow features can be resolved more
accurately using the adaptation methods mentioned above.
Nakahashi and Deiwert,2 for example, have used tension and
torsional springs to move the mesh into regions where rela-
tively large spatial discretization errors occur. This mesh
movement approach showed considerable versatility for the
problems treated. However, various constants were needed
to control orthogonality and smoothness, and direct control
of an optimal mesh adaptation procedure was generally not
possible. Further examples of spatial adaptation methods in-
clude the work of Usab and Murman.3 In Ref. 3, embedded
meshes of quadrilateral cells and nodes were used in regions
of the mesh where shock waves occurred. This approach im-
proved the spatial accuracy of the numerical method, which
resulted in highly accurate solutions for steady flow problems.
Dannenhoffer and Baron4-5 extended the work in this area
using irregularly shaped embedded regions, which were cou-
pled to the base mesh by a multiple-grid solution algorithm.
Several other examples of spatial adaptation include methods
that use flow solvers based on unstructured triangular and
tetrahedral meshes in two and three dimensions, respectively.
Peraire et al.6-7 used mesh regeneration coupled with a finite
element solution algorithm to sharply capture shock waves
and complex shock structures. Lohner and co-workers8"13

have developed a procedure to enrich the mesh for transient
flow problems locally by dividing elements that make up a
base mesh to capture shock waves. Furthermore, in this pro-
cedure, elements may be removed (coarsened) from the mesh
if they are not necessary to produce a given level of spatial
accuracy.

With respect to solution algorithms based on unstructured
meshes, the results published by the authors14 demonstrated
that these algorithms produce steady and unsteady solutions
of comparable accuracy to results obtained using structured-
grid solution algorithms. The two sets of results presented in
Ref. 14 were obtained using meshes of comparable density,
and mesh adaptation was not used. Solutions of higher spatial
accuracy are, indeed, possible through the use of mesh ad-
aptation. Therefore, the purpose of this paper is to report on
modifications to the two-dimensional unstructured-grid up-
wind-type Euler code of Batina15 to include mesh enrichment
and coarsening procedures. The objectives of the research are
as follows: 1) to develop time-accurate enrichment and coar-
sening procedures for spatial adaptation; 2) to test the pro-
cedures by performing steady and unsteady calculations for
a variety of cases; 3) to determine the accuracy of the spatially
adapted solutions by making comparisons with published so-
lutions produced by alternative methods and existing exper-
imental data; and 4) to assess the efficiency of the spatially
adapted solutions by making comparisons of required com-
puter resources. The eventual goal is to develop a highly
accurate and efficient solution algorithm for the Euler and
Navier-Stokes equations for aeroelastic analysis of complex
aircraft configurations. The paper describes a new approach
to detect high gradient regions of the flow that uses the sub-
stantial derivative of density. Additionally, the paper gives a
detailed description of the enrichment and coarsening pro-
cedures, a brief description of the solution algorithm of Ref.
15, and further describes a new weighted averaged procedure
for the interpolation of flow variables that improves the over-
all accuracy of the flow solver. Steady and unsteady transonic
results are presented for the NACA 0012 airfoil to demon-
strate applications of the spatial adaptation procedures. The
unsteady flow results for the NACA 0012 airfoil were obtained
for the airfoil pitching harmonically about the quarter chord.

Upwind-Type Euler Solution Algorithm
The unsteady Euler equations are solved using the two-

dimensional upwind-type solution algorithm developed by
Batina.15 The solution algorithm, which is a cell-centered fi-
nite-volume scheme,15"17 uses upwind differencing based on
flux-vector splitting similar to upwind schemes developed for
use on structured meshes. Thus, the present unstructured grid
algorithm is referred to as an upwind-type solution algorithm.
The spatial discretization of this algorithm involves a so-called
flux-split approach based on the flux-vector splitting of van
Leer.18 The flux-split discretization accounts for the local wave-
propagation characteristics of the flow and captures shock
waves sharply with at most one grid point within the shock
structure. A further advantage is that the discretization is
naturally dissipative and consequently does not require ad-
ditional artificial dissipation terms or the adjustment of free
parameters to control the dissipation. However, in calcula-
tions involving higher order upwind schemes, oscillations in
the solution near shock waves are expected to occur. To elim-
inate these oscillations, flux limiting is usually required. In
the present study, a continuously differentiable flux limiter
was employed.15"17

The Euler equations are integrated in time using an implicit
time-integration scheme involving a Gauss-Seidel relaxation
procedure.15 The relaxation procedure is implemented by
reordering the elements that make up the unstructured mesh
from upstream to downstream. The solution is obtained by
sweeping twice through the mesh as dictated by stability con-
siderations. The first sweep is performed in the direction from
upstream to downstream and the second sweep is from down-
stream to upstream. For purely supersonic flows, the second
sweep is unnecessary. This relaxation scheme is stable for
large time steps and allows the selection of the step size based
on the temporal accuracy required for the problem being
considered, rather than on the numerical stability of the al-
gorithm. Consequently, very large time steps may be used for
rapid convergence to steady state and an appropriate step size
may be selected based on temporal convergence for unsteady
cases, independent of numerical stability issues.

Weighted Averaging
A weighted averaging procedure is used in the two-dimen-

sional upwind-type Euler solution algorithm to interpolate the
cell-centered values of the primitive variables to the nodes.
The interpolation of cell-centered values to the mesh nodes
is required for the upwind-biased interpolation of primitive
variables in the Euler solution algorithm.15 As illustrated in
Fig. 1, the weighted average of the cell-centered values qt
surrounding a node is given by

(1)

where the nodal value q0 is computed using the cell weights
TV,-. Several different weights have been used in this procedure

Fig. 1 Difference star for computing the weighted average q0 of sur-
rounding cell-centered values #!,...,„.
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including the areas of surrounding cells and the reciprocal
distance from the node to the locations of cell centers. Be-
cause of the disparity in cell sizes that occur when using spatial
adaptation, the most accurate weighted averaging is desired.
Therefore, a different approach for computing the weights
has been developed based on the work of Holmes and Con-
nell.19 In Ref. 19, artificial dissipation for a node-based Na-
vier-Stokes solution algorithm was computed using a Lapla-
cian operator. The Laplacian L(<£0) at a node was computed
by

= (*,• - x0)(y, - y0) (14)

L(<S>0) = (2)

using the surrounding nodal values <£, and the weights wt. The
weights were derived by first noting that the Laplacian of a
linear function is exactly zero. Because this is a desirable
property to require of the computed Laplacian, the weights
wt in Eq. (2) were derived with this objective. Therefore, the
spatial locations (x^y^ of ^ were substituted into Eq. (2)
resulting in

= 0 (3)

«) = 2 *tyt - y0) = o (4)
/= l

The weights were then determined by defining

wf = 1 + Awf. (5)

where

C = i (Aw,.)' (6)
i= l

is a cost function. The cost function C was minimized to keep
the weights close to unity by solving an optimization problem
given the constraints of Eqs. (3) and (4). The optimization
problem was solved using the method of Lagrange multipliers
where AH>, was given by

Awf = \x(xt - x0) + Ay(y, - y0) (7)

The solution yielded Lagrange multipliers, defined by

\ =

_
y

( I I - I2 )^xx'-yy xy/

IxyRx - IxxRy)
(I I - I 2 )V xx-'yy '•xy/

where

iyy =

(8)

(9)

(10)

(11)

(12)

(13)

Note that the weights were computed solely from the distance
between node locations and no special treatment was required
near mesh boundaries.

Modifications were made to this procedure for computing
the Laplacian in order to develop a new procedure for com-
puting the weights in Eq. (1). The first modification was to
express the Laplacian at the nodes using surrounding cell-
centered values, as illustrated in Fig. 1, rather than the sur-
rounding nodal values. Now the Laplacian at the node can
be expressed by

- q0) (15)

where q0 represents the unknown value at the node and qf
are the known values at the surrounding cell-centers. The
weights wt in Eq. (15) are now computed using the node
location (jc0,y0) and the surrounding cell-center locations (xi9y^).
Recalling that the computed Laplacian for a linear function
is zero, then for a linear variation of q

~ ?o) = 0 (16)

which can be rewritten in the form given by Eq. (1). There-
fore, using the weights from the Laplacian procedure, Eq. (1)
is an exact interpolation of the nodal value q0 for a linear
variation of cell-centered values qt. For a nonlinear variation
of cell-centered values qh the weighted averaging procedure
using the weights from the Laplacian procedure is second-
order accurate in space. Although the procedure is compu-
tationally more expensive than area or reciprocal distance
weighted averaging, the increased cost is relatively small com-
pared to the cost of solving the Euler equations.

Spatial Adaptation Procedures
In this section, the spatial adaptation procedures are de-

scribed in detail. These descriptions include explanations of
the flow feature detection and the procedures used to enrich
and coarsen the mesh.

Flow Feature Detection
The first step of the spatial adaptation procedure is the

detection of regions of relatively large discretization error so
that the computational mesh can be locally enriched to im-
prove the spatial accuracy or locally coarsened to reduce the
computational costs. These regions generally occur near flow
features such as shock waves, stagnation points, slip lines,
and expansion fans for the Euler equations, where the dom-
inant flow feature for the cases considered in this study is a
shock wave.

There are a number of flow parameters that can be used
for enrichment indicators based on the detection of shock
waves. Parameters such as density, pressure, or total velocity
are useful because these quantities are discontinuous through
shocks. For example, first or second, divided or undivided
differences in one of these parameters, similar to the work
by Dannenhoffer and Baron,4 can be used to detect shock
waves. A specific example of an enrichment indicator is the
magnitude of the density gradient |Vp|, which is often used to
detect shock waves for steady flow problems. However, for
unsteady flows, a measure of the temporal as well as the
spatial variation of the solution is needed. For this reason,
the absolute value of the substantial derivative of density |Dp/
Df| was used as an enrichment indicator, because it is the sum
of the local rate of change dp/dt as well as the convective rate
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of change u - Vp of density. The substantial derivative of
density can also be written as

Dp—— dp
- (17)

where the first two terms on the right-hand side of Eq. (17)
are simply the continuity equation. The third term can be
viewed as a simplified continuity equation that assumes steady,
incompressible, linear flow. Therefore, the difference be-
tween these two continuity equations results in a measure of
the: 1) unsteadiness, 2) compressibility, and 3) nonlinearities
of the flow. Because the first two terms on the right-hand side
of Eq. (17) are zero from the continuity equation, the sub-
stantial derivative of density can be rewritten as

(18)

For unsteady flows, the substantial derivative works well for
detecting developing shock waves; whereas, the more com-
monly used enrichment indicators based on the instantaneous
solution, such as first or second differences in density, tend
to miss the initial shock wave formation. This is especially
true for cases where the shock waves periodically appear and
disappear in time. Other indicators, based on the substantial
derivative of ^-momentum pw, y-momentum pv, and energy e
have also been investigated. These substantial derivatives are
written as

DpM _ \dpu d(pu2 + p) puv\
Dt [ dt dx dy J

(19)

Dpv
Dt

dpV

dt
dpUV

dx
d(pv2 + p)

dy

pvV

d(e + p)u d(e + p)v
dx dy

{V • (pw) + eV - u}

(20)

(21)

where once again each derivative results in the difference
between a complete conservation equation and an approxi-
mate equation. The first expression in brackets on the right-
hand side of Eqs. (19-21) is zero for the Euler jt-momentum,
y-momentum, and energy equations, respectively. The last
expression in brackets is an approximate equation of the re-
spective conservation laws. For example, the second equation
in brackets in Eq. (19) can be derived from the conservation
of jc-momentum equation if the equation is simplified by as-
suming the local rate of change d/dt and the convective rate
of change u - V of jc-momentum is zero. Therefore, as one
might expect, if the absolute value of Eq. (19) is used as an
enrichment indicator it would detect regions of the flow where
the ^-momentum is most rapidly changing. Similarly, Eqs.
(20) and (21) would detect the rate of change of y-momentum
and energy, respectively. To evaluate each expression as an
enrichment indicator, the substantial derivatives of the con-
served variables were computed for a transient shock prob-
lem. In this study, the performance of each of the substantial
derivatives in detecting shock waves was found to be similar.
It is not surprising, however, because all of the indicators
involve the same term V • u. Therefore, the enrichment in-
dicator used in this study was the absolute value of the sub-
stantial derivative of density [Eq. (18)].

Mesh Enrichment
Generally, mesh enrichment is performed by starting with

a relatively coarse mesh of cells and then subdividing these
cells until a given level of spatial accuracy has been obtained.
To prevent cells from being enriched too many times near
flow discontinuities such as shock waves, an upper bound is
placed on the number of times a cell can be divided. For
transient problems the mesh enrichment procedure may be
performed at each time step of the integration of the govern-
ing flow equations or it may be performed once every set
number of time steps.

Mesh enrichment is performed by using the enrichment
indicator to determine if a cell is to be subdivided into smaller
cells. To accomplish this, the enrichment indicator is com-
puted for each cell and compared with a preset threshold value
to determine whether a cell should be subdivided. If the
threshold is exceeded, a new node is created at the midpoint
of each edge of the triangular cell, and the cell is subdivided
into four smaller cells. Special care must be taken, however,
when an edge that is to be bisected lies on a boundary of the
mesh, because the midpoint of the edge does not generally
lie on the boundary. In this case, the location of the new node
is determined by using a parametric spline of the boundary
coordinates. Furthermore, the values of the flow variables for
the new cells are determined from a linear interpolation of
conserved variables located at the nodes and the cell centers
of the original cells.

For a given cell to be enriched, either one edge or all three
edges are bisected. In the event that only two edges are marked
to be bisected, the third edge is automatically bisected to
prevent the creation of highly skewed or stretched cells. Each
time the mesh is enriched, a cell may be divided in one of
two ways, as shown in Fig. 2, a and b. The first way, shown
in Fig. 2a, results when all three edges of a cell have been
marked for enrichment. In this situation the cell is divided
into four new cells where the vertices of the inner cell are in
general midpoints of edges that make up the original cell.
The original cell is, thus, referred to as a type-4 element
because after enrichment it becomes four new triangular cells.
The second way, shown in Fig. 2b, occurs if only one edge
of the base cell is marked for enrichment. In this situation,
the marked edge is bisected, and two new cells are formed.
The original cell is, thus, referred to as a type-2 element
because after enrichment it becomes two new cells. New cells
formed from a type-4 element may be enriched further. How-
ever, to prevent highly stretched cells, cells formed from a
type-2 element are restricted from being divided further as
indicated in Fig. 2, c and d. For cells from a type-2 element,

a) Type-4 element enrichment

b) Type-2 element enrichment

c) Restriction on further enrichment of type-2 elements

d) Details on further enrichment of type-2 elements

Fig. 2 Diagrams illustrating mesh enrichment possibilities.
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if any of the five edges that make up the two new cells are
marked for enrichment, the original cell is made into a type-
4 element as shown in Fig. 2c. If in addition to this, either or
both of the bottom two edges are marked (the lower left,
right, or both), cells of the type-4 element are further enriched
accordingly, as shown in Fig. 2d.

Mesh Coarsening
Generally, mesh coarsening removes added nodes and cells

from previously enriched meshes to delete them from local
regions of the mesh where certain flow features are no longer
present. This procedure is necessary to adapt meshes effi-
ciently to the numerical solution of the governing flow equa-
tions in order to minimize computational cost. The mesh coar-
sening procedure starts by marking all of the cells that do not
have edges that are marked to be bisected from the mesh
enrichment procedure. Figure 3 shows an example of the
coarsening procedure where the dashed lines represent cells
formed by a previous enrichment of the mesh. In Fig. 3a,
cells that are candidates for removal are denoted by a "1."
The marked cells are then used to determine nodes that are
candidates for removal. As shown in Fig. 3b, the candidate
nodes that may be removed are nodes that are surrounded
by cells that are candidates for removal (identified by the "Is"
in Fig. 3a). Cells that are to be removed from the list of
candidates are determined by searching the tree data structure
that stores the mesh enrichment history. Cells for removal
are cells that came from type-2 or type-4 elements and are
subsequently marked for removal. Once the nodes and ele-
ments have been selected they are subjected to a final si-
multaneous evaluation for actual removal from the mesh.
Each time the mesh is coarsened, cells and nodes may be
removed in one of several ways as shown in Fig. 4. (In the
figure, nodes to be removed are indicated by the open circles
and fixed nodes are indicated by the closed circles.) For a
type-4 element, if all three of the nodes that form the inner
triangle are candidate nodes, then the nodes are removed
eliminating the inner triangle as shown in Fig. 4a. This leaves
only the one original cell that was previously divided into
four. Similarly, if two of the three nodes that form the inner
triangle are candidate nodes, the two nodes are removed and
a type-2 element is formed as shown in Fig. 4b. If only one
of the candidate nodes is marked then nothing is done. For
a type-2 element there is only one node that may be removed,
which is the midpoint of a previously bisected edge. Removal
of this node leaves only the cell that was originally divided
into two as shown in Fig. 4c.

Temporal Convergence Considerations
Careful consideration must be given to the time step chosen

to ensure temporal convergence of unsteady problems, es-
pecially when spatial adaptation procedures are used. In gen-
eral the temporal convergence of the numerical solution of a

0 fixed cell

1 candidate cell to be
removed

• fixed node

O candidate node to be
removed

a) Identify cells to
be removed

b) Identify nodes to
be removed

c) Final mesh

a) Three nodes removed from type-4 element

b) Two nodes removed from type-4 element

c) One node removed from type-2 element

Fig. 4 Diagrams illustrating mesh coarsening possibilities.

time accurate problem is difficult to quantify and is related
to the nondimensional time step Af, a characteristic length
(A/s), and the local maximum characteristic wave speed (\u\ +
a) of each cell in the computational mesh. This relation is
given by the Courant-Friedrichs-Lewy (CFL) number for each
cell

CFL « Af - (\u\ + a) (22)

where s is the length of a cell edge, A is the area of the cell,
u is a local flow speed normal to a cell edge, and a is the local
speed of sound. For unsteady problems, experience has shown
that the local CFL number must remain below approximately
20 for solutions to be converged in time. However, the local
allowable CFL number is highly dependent on the time-
marching procedure used. For example, either explicit or im-
plicit time-marching procedures may be used to integrate the
governing flow equations in time for unsteady problems. Be-
cause the allowable CFL number based on a stability analysis
of an explicit time-marching procedure is usually small com-
pared to 20, the time step is restricted to be relatively small.
Therefore, the numerical stability of an explicit time-marching
procedure dictates the time step that can be used. For an
implicit time-marching procedure, however, numerical sta-
bility of the procedure is, in general, not an issue. Hence, the
time step should be based on minimizing the effects of li-
nearization errors, minimizing the effects of relaxation errors
(or factorization errors in the case of a factored scheme), and
obtaining a temporally converged solution. Irrespective of the
time-marching procedure used, the spatial adaptation pro-
cedures have a significant effect on the allowable time step
when the CFL number is restricted by either the temporal
accuracy of the solution or the numerical stability of the so-
lution algorithm. This effect can be demonstrated in a simple
example of mesh enrichment of a single cell. Suppose, for
example, the local CFL number for a cell is restricted to 20
for a temporally converged solution and the cell is enriched
one level, where it is divided into four smaller cells each with
area A/4 as shown in Fig. 2a. Likewise, each edge of the cell
is bisected resulting in each of the new cells having edge
lengths of s/2. Because, from Eq. (22), the time step is pro-
portional to the characteristic length (A/s), the allowable time
step is halved when the cell is enriched one level:

A/4
' s/2

1 A
2 s (23)

Fig. 3 Diagrams illustrating details of the mesh coarsening proce-
dure.

For unsteady problems involving a pitching airfoil in forced
harmonic motion, the effect of enrichment on the number of
time steps per cycle of motion can also be demonstrated. First
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the number of time steps per cycle of motion N is related to
the time step by

N = kMM (24)

where k is the reduced frequency and M^ is the freestream
Mach number (because A£ is nondimensionalized by the free-
stream speed of sound). Therefore, the number of time steps
per cycle of motion is inversely related to the time step:

Af (25)

Because the time step is halved as the mesh is enriched one
level, the number of time steps required per cycle of motion
doubles for a similar level of temporal convergence. Hence,
the relationship between the number of time steps per cycle
of motion TV required on a mesh to the number of time steps
per cycle of motion Nn on the same mesh using n levels of
mesh enrichment can be stated as

Nn « 2nN (26)

As an example, suppose an unsteady problem on a coarse
mesh requires 1250 time steps per cycle of motion for a tem-
porally converged solution. The same mesh and case using
three levels of enrichment would require approximately 10,000
time steps per cycle of motion.

Results and Discussion
Calculations were performed for the NACA 0012 airfoil to

assess the accuracy and efficiency of the spatial adaptation
procedures. Steady and unsteady airfoil results are presented
for comparison with published solutions using alternative
methods and experimental data to determine the accuracy of
the results. Timing comparisons are also made between results
obtained using globally (estimated) and locally adapted meshes
to determine the computational savings obtained by using the
spatial adaptation procedures.

Steady Results
Steady flow results were obtained for the NACA 0012 air-

foil for comparison with results reported by Pulliam and Bar-
ton.20 The results presented are for a NACA 0012 airfoil at
a freestream Mach number of M^ = 0.8 and an angle of attack
of a0 = 1.25 deg. The starting mesh and final spatially adapted
mesh are presented along with corresponding pressure con-
tours for comparison with results of Ref. 20. The starting
coarse mesh for the calculation, shown in Fig. 5a, contains
1854 nodes and 3628 cells and extends 20 chord lengths to a
circular outer boundary. The solution was obtained by adapt-
ing the mesh to the solution every 500 iterations for the first
2000 iterations (four levels of enrichment), and then the so-
lution was converged to machine zero on the final adapted
mesh. The final mesh after four levels of enrichment, shown
in Fig. 5b, contains 8947 nodes and 17,653 cells. For this case,
there is a relatively strong shock wave on the upper surface
of the airfoil near 62% chord and a relatively weak shock
wave on the lower surface near 30% chord. Results from Ref.
20 were computed on a structured mesh of C-type topology
containing 560 x 65 mesh points where grid lines were clus-
tered above and below the airfoil in the shock regions to
produce a more accurate result. A comparison of the pressure
contour lines from Pulliam and Barton,20 shown in Fig. 6a,
with the contour lines (A/? = 0.025) shown in Fig. 6b, obtained
with the present spatial adaptation procedure, indicates ex-
cellent agreement, which verifies the accuracy of the adap-
tation procedures. Finally, the computed lift, drag, and mo-
ment coefficients from the present calculation are c, = 0.3600,
cd = 0.0238, and cm = -0.0390, respectively. A comparison

a) Original mesh b) Adapted mesh

Fig. 5 Comparison of meshes used in the calculation for the NACA
0012 airfoil at Mx = 0.8 and a0 = 1.25 deg.

a) Ref. 20 b) Adapted mesh

Fig. 6 Comparison of pressure contour lines from Pulliam and Barton20

and contour lines (Ap = 0.025) obtained with the present spatial
adaptation procedures for the NACA 0012 airfoil at Mx = 0.8 and
«0 = 1.25 deg.

of these coefficients with those obtained by Pulliam and Bar-
ton,20 indicates agreement to within 1% for the lift and drag,
and to within 5% for the moment coefficient.

The computational savings for the steady flow problem can
be estimated by comparing the number of cells in the adapted
mesh to the number of cells in a globally fine mesh. The total
number of cells for the globally fine mesh is computed by
multiplying the number of cells in the starting coarse mesh
by four (because each cell is divided into four smaller cells)
raised to a power represented by the number of enrichment
levels. Therefore, a globally fine mesh would contain 928,768
cells (3628 x 44), which in comparison with the final adapted
mesh containing 17,653 cells, results in a computational sav-
ings of approximately 53. This savings factor does not include
the computational overhead of the four mesh adaptations,
which accounts for less than 1% of the total CPU time. If
timing comparisons are made with solutions obtained using
structured grid algorithms, the computational overhead of the
indirect addressing of the unstructured grid algorithm must
be accounted for. For example, the computational work for
steady-state solutions obtained using unstructured grid algo-
rithms have been shown to be two to five times more expen-
sive than those obtained using structured grid algorithms.21

Nonetheless, when spatial adaptation procedures are used
with unstructured grid algorithms, an order of magnitude
computational savings can be achieved over solutions ob-
tained using structured grid algorithms for comparable spatial
accuracy.

Unsteady Results
Unsteady results are presented for the NACA 0012 airfoil

using spatial adaptation for AGARD case 5, proposed by the
AGARD Structures and Materials Panel.22 This case involves
the NACA 0012 airfoil pitching harmonically about the quarter
chord at a reduced frequency based on semichord of k =
0.0814. The calculation was performed for three cycles of
motion to obtain a periodic solution using 10,000 time steps
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a(T) = -1.25°, kt = 210° a(t) = -2.41°, kt = 255 a(T) = -2.00°, kx= 307° a(T) = -0.54°, kT = 347°

Fig. 7 Instantaneous meshes produced by the spatial adaptation procedure for the NACA 0012 airfoil pitching harmonically at Mx = 0.755,
«0 = 0.016 deg, «! = 2.51 deg, and k = 0.0814.

a(T)=1.09°,kt = ) = 2.34°,kr = a(T) = 2.01°, kx = 127° a(T) = 0.52°, kr= 168°

a(T) =-1.25°, kt = 210° a(i) = -2.41°, ki = 255° a(i) =-2.00°, ki = 307° a(t) =-0.54°, kr = 347°

Fig. 8 Instantaneous density contour lines (Ap = 0.02) from the spatially adapted solution for the NACA 0012 airfoil pitching harmonically at
Mx = 0.755, «0 = 0.016 deg, at = 2.51 deg, and k = 0.0814.

per cycle starting with the same coarse mesh (Fig. 5a) that
was used for the nonadapted steady flow result. During the
course of the calculations, the mesh was spatially adapted
every 10 time steps using three levels of enrichment. Results
were obtained for the airfoil pitching with an amplitude of
a, = 2.51 deg at Mx = 0.755 and a0 = 0.016 deg. Figure 7
shows the instantaneous adapted meshes and Fig. 8 shows the
corresponding instantaneous density contour lines (Ap = 0.02).
The instantaneous meshes and density contour lines during
the third cycle of motion were plotted at eight points in time.
In each plot, the instantaneous pitch angle a(r) and the in-
stantaneous angular position kr in the cycle are noted. The
instantaneous meshes (Fig. 7) clearly indicate the enrichment
in regions near the shock waves and near the stagnation points.
They also show coarsened regions where previously enriched
regions have relatively small flow gradients. The density con-

tours during the cycle (Fig. 8) demonstrate the ability of the
spatial adaptation procedures to produce sharp transient shock
waves. The corresponding surface pressure distributions dur-
ing the third cycle of motion are shown in Fig. 9 for com-
parison with experimental data.23 In each pressure plot the
instantaneous pitch angle a(r) and the angular position kr in
the cycle are noted. During the first part of the cycle there is
a shock wave on the upper surface of the airfoil, and the flow
over the lower surface is predominately subcritical. During
the latter part of the cycle the flow about the upper surface
is subcritical while a shock forms along the lower surface. The
pressure distributions indicate that the shock position oscil-
lates over approximately 25% of the chord along the upper
and lower surfaces, requiring the spatial adaptation procedure
to track the movement and development of the transient shocks
accurately. In general, the calculated results using the spatial
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——— Upper surface - Calculated
— — Lower surface - Calculated

O Upper surface - Experiment
D Lower surface - Experiment

x/c x/c - ~ x/c * " x/c
Fig. 9 Comparison of instantaneous pressure distributions for the NACA 0012 airfoil pitching harmonically at Mx = 0.755, «0 = 0.016 deg,
«i = 2.51 deg, and k = 0.0814 computed using spatial adaptation.

adaptation procedures compare well with the experimental
data.

The computational savings obtained by using the spatial
adaptation procedures can be estimated by comparing the
total number of cells marched in time with the estimated
number of cells marched in time if a globally fine mesh were
used. The total number of cells marched in time for the glob-
ally fine mesh is computed by multiplying the number of cells
in the starting coarse mesh by the number of cycles, the num-
ber of time steps per cycle, and four raised to the number of
enrichment levels (because each cell is divided into four smaller
cells). Therefore, for AGARD case 5, a total of 413 million
cells were marched compared to 6966 million cells for the
globally fine mesh resulting in a computational savings of a
factor of 17. This factor does not include the computational
overhead of the spatial adaptation procedure, which was ap-
proximately 7.5% of the total CPU time.

Concluding Remarks
Spatial adaptation procedures for the accurate and efficient

solution of steady and unsteady inviscid flow problems were
described. The adaptation procedures were developed and
implemented within a two-dimensional unstructured-grid up-
wind-type Euler code. These procedures involve mesh en-
richment and mesh coarsening to either add points in high
gradient regions of the flow or remove points where they are
not needed, respectively, to produce solutions of high spatial
accuracy at minimal computational cost. A novel approach
for detecting flow features based on the substantial derivative
of density was used as an enrichment indicator. This enrich-
ment indicator worked well for detecting developing shock
waves in unsteady flows. This is a significant improvement
over the more commonly used enrichment indicators based
on the instantaneous solution (such as first or second differ-
ences in density) that miss the initial shock wave formation,
especially for cases where the shock waves periodically appear
and disappear in time.

Steady and unsteady transonic results were presented for
the NACA 0012 airfoil to demonstrate applications of the
spatial adaptation procedures to two-dimensional problems.
The unsteady flow results were obtained for an airfoil pitching
harmonically about the quarter chord. Both the steady and
unsteady solutions obtained using spatial adaptation were shown
to be of high spatial accuracy, primarily in that the shock

waves were very sharply captured. Comparing the cost of
results obtained on a spatially adapted mesh with the esti-
mated cost of results obtained on a globally fine mesh of
comparable mesh density, a computational savings of a factor
of approximately 53 was achieved for the steady calculations
using four levels of enrichment. Similar calculations using
structured grid algorithms were estimated to be an order of
magnitude more expensive for comparable spatial accuracy.
Comparisons of coefficients from the spatial adaptation so-
lution with those of Pulliam and Barton,20 indicated agree-
ment to within 1% of the lift and drag coefficients and to
within 5% for the moment coefficient. Similarly, for the un-
steady calculation, a computational savings of a factor of 17
was achieved and comparisons that were made with experi-
mental surface pressure data indicated good agreement.
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